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Abstrat
One of the simplest example of non-ommutative (NC) spaes is the NC
plane. In this artile we investigate the onsequenes of the non-ommutativity
to the quantum mehanis on a plane. We derive orretions to the standard
(ommutative) Hamiltonian spetrum for hydrogen-like atom and isotropi
linear harmoni osillator (LHO) and formulate the problem of the poten-
tial sattering on the NC plane. In the ase of LHO we onsider the non-
ommutativity of the momentum operators, too.
PACS numbers: 03.65.G; 03.65.N; 02.40.G.
1 Introdution
In reent years, the method of non-ommutative geometry (NCG) was devel-
oped [1℄ and applied to various physial situations [2℄. By the results of string
theory arguments [3℄ the non-ommutative plane has been studied extensively.
Two dimensional non-ommutative quantum mehanis (NCQM) is based on
a simple modiation of ommutation relations between the self-adjoint posi-
tion operators (~ˆx) and the self-adjoint momentum operators (~ˆp) whih satisfy
[xˆa, xˆb] = iθab ,
[pˆa, pˆb] = 0 ,
[xˆa, pˆb] = i~δab ,
a, b, . . . ∈ {1, 2} , (1)
where θab is real and antisymmetri, i.e. θab = θǫab ( ǫab is the ompletely
antisymmetri tensor with ǫ12 = 1). The spatial non-ommutative parameter
θ is of dimension of (length)2, so
√
θ may be onsidered as the fundamental
∗
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length (Plank length?). If θ goes to zero we obtain the standard Heisenberg
algebra ommutation relations.
Suitable realization of ommutation relations between the position operators
(the rst of eqs. (1)) is given by the ⋆-produt (Moyal produt) [4℄ dened
as follows
(f ⋆ g)(x) = exp
[
i
2
θab∂xa∂yb
]
f(x)g(y)|x=y . (2)
The wave funtions are taken as ψ(~x) and the operators ~ˆx and ~ˆp are realized
as follows
xˆaψ(~x) = xa ⋆ ψ(~x) , pˆaψ(~x) = −i~∂aψ(~x) .
Let us remark that |ψ(~x)|2 an not be interpreted as the probability density
to nd the system in the onguration (x1, x2). That follows from the rst
relation in the eq. (1).
The quantization proedure is the same as in the standard quantum mehan-
is. We replae the lassial observables - the funtions on the phase spae -
A(~p, ~x) by the self-adjoint operators Aˆ = A(~ˆp, ~ˆx) whih at on suitable Hilbert
spae. The ordering problem is like that in the standard quantum theory. The
Hilbert spae an be onistently taken to be the same as the Hilbert spae
of the orresponding ommuting system, for example L2(R2): squared inte-
grable funtions on the plane with the standard Lebesgue measure. The time
evolution is given by the Shrödinger equation
i~∂t|ψ〉 = Hˆ |ψ〉 ,
where Hˆ = H(~ˆp, ~ˆx) is the Hamiltonian. The only nontrivial part of suh a
formulation is to give the Hamiltonian. In what follows we shall onsider
two dimensional hydrogen-like atom, isotropi linear harmoni osillator and
potential sattering.
2 Hydrogen-like atom
Two dimensional hydrogen-like atom in NCQM is dened by the following
Hamiltonian (the Einsten's summation onvention in latin indees is used.)
Hˆ =
1
2
pˆapˆa + U0 ln
(√
xˆaxˆa
r0
)
≡ 1
2
pˆapˆa + U(~ˆx) , (3)
where U0 and r0 are the positive onstants. We dene the new operators x˜a,
p˜a
x˜a = xˆa +
1
2~
θabpˆb ,
p˜a = pˆa ,
(4)
whih satisfy the usual anonial ommutation relations
[x˜a, x˜b] = 0 ,
[p˜a, p˜b] = 0 ,
[x˜a, p˜b] = i~δab .
(5)
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The representation of the above ommutation relations in the L2(R2) is well
known:
(x˜af)(~x) = xaf(~x) , (p˜af)(~x) = −i~∂af(~x) . (6)
If we replae hat operators by tilde operators in the Hamiltonian (3) (to
simplify alulations we shall use the system of units in whih the mass of
eletron and Plank onstant are equal to one) and expand the potential to
the Taylor series, we obtain the rst θ - order time independent Shrödinger
equation in polar oordinates (r, φ)
∆ψ = 2
[
U0 ln
(
r
r0
)
− ǫ+ θ iU0
2r2
∂φ
]
ψ , (7)
where ǫ is the Hamiltonian's eigenvalue. We note that −i∂φ is the z om-
ponent (Lz) of the angular momentum operator. Standard separation of
variables ψ(r, φ) = R(r) exp(imφ) leads to the radial Shrödinger equation
1
r
(rR′)′ +
[
2(ǫ − U(r))− m
2 −mU0θ
r2
]
R = 0 , (8)
where m (orbital quantum number) is an arbitrary integer.
In the ase of θ = 0 we obtain radial equation for two-dimensional hydrogen-
like atom in ommutative quantum mehanis. It is an important fat that
the struture of equation (8) does not hange. So we an state that if
ǫC = ǫC(n,m2) , (9)
is the spetrum of Hamiltonian in the ommutative ase then in NC quantum
mehanis the spetrum is given by
ǫ(n,m2) = ǫC(n,m2 −mU0θ) , (10)
where n is the prinipial quantum number. We have derived the approxima-
tive formulae for the ommutative spetrum (see Appendix). The results are
(i.) For the states with |m| ≫ n, n = 1, 2, . . .
ǫ(n,m2) =
U0
2
{
1 + ln
[
m2 −mU0θ − 1/4
r20U0
]
+
√
2
n− 1/2√
m2 −mU0θ − 1/4
}
.
(11)
(ii.) For high exited (n≫ 1) states with zero orbital momentum (m = 0)
ǫ(n,m2 = 0) =
U0
2
{
ln
[
2π
U0r20
]
+ 2 ln(n− 1/2)
}
. (12)
Linear Stark eet
In the ommutative theory the potential energy of an eletron in an external
eletrostati eld oriented along the x1 axis is given by δHˆ = eEx1, where
e is the eletri harge of the eletron and E is the intensity of the eletri
eld. In the non-ommutative theory it holds
δHˆ = eExˆ1 = eE(x1 + i
θ
2
∂x2) . (13)
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δHˆ is onsidered as the small perturbation to the Hamiltonian (3). Linear
Stark eet is the hange in the hydrogen-like atom energy levels due to the
perturbation shift of (13) omputed within the rst order of the perturba-
tion theory. It ontains two ontributions, the ommutative one: δǫCnm =
〈nm|eEx|nm〉 and the nonommutative one: δǫNCnm = 〈nm|eEi θ2∂x2 |nm〉.
They both are equal to zero. It follows from the fat that the eigenstates
|nm〉 of the unperturbated Hamiltonian (3) are not degenerated - this fat
allows us to write the energetial hanges as we have done above. Indeed, the
states |nm〉 are of the form fnm(r)eimφ, so we have
δǫCnm ∼
∫ +∞
−∞
dx1
∫ +∞
−∞
dx2f
∗
nme
−imφx1fnme
imφ = 0 ,
and
δǫNCnm ∼
∫ +∞
−∞
dx1
∫ +∞
−∞
dx2f
∗
nme
−imφ
(x2
r
f ′nme
imφ + fnmime
imφ x1
r2
)
= 0 .
3 Linear harmoni osillator
Now, let us onsider a slight generalization of the ommutation relations (1)
between the anonially onjugated positions and momenta
[xˆa, xˆb] = iθab ,
[pˆa, pˆb] = iκab ,
[xˆa, pˆb] = i~
(
1 + θκ
4~2
)
δab .
(14)
The role of κab = κǫab is similar that of θab with the dierene between the
two quantities that κ is of dimension of (momentum)2 and
√
κ plays the role
of fundamental momentum. We stress that the eq. (14) with θab = 0 is valid
for a partile moving in a magneti eld in the standard quantum mehanis,
but in this ase the momenta are not onjugated to oordinates as it is the
ase here.
We would like to nd some linear transformation (~˜x, ~˜p)→ (~ˆx, ~ˆp) so that tilde
operators satisfy anonial ommutation relations (5). In other words, we
would like to transform the anonial form dened by (5) to the form dened
by (14). It is possible only if 4~2 6= κθ, beause in this ase the form dened
by (14) is singular. The transformation (T ) in question is of the form
xˆa = x˜a − θ2~ ǫabp˜b ,
pˆa = p˜a +
κ
2~
ǫabx˜b .
(15)
Any other transformation T ′ of the tilde operators to the hat operators an
be written as T ′ = T ◦U , where U is from the group of transformations whih
preserve the form dened by (5), i.e. U ∈ Sp(2,R) (for more informations
about the sympleti groups and their use in physis see for example [8℄). The
operator realization of tilde operators in L2(R2) is the standard one given by
(6).
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Let us onsider the isotropi linear harmoni osillator Hamiltonian in the
NC quantum mehanis
Hˆ =
1
2M
pˆapˆa +
M
2
ω2xˆaxˆa . (16)
We express the hat operators in the LHO Hamiltonian in terms of the tilde
operators using the formulae (15). We get
Hˆ = p˜ap˜a
(
1
2M
+
1
2
Mω2
θ2
4~2
)
+ x˜ax˜a
(
1
2
Mω2 +
1
2M
κ2
4~2
)
(17)
+p˜aǫabx˜b
(
1
2M
κ
~
+
1
2
Mω2
θ
~
)
.
The last term in the Hamiltonian is proportional to the z omponent of the
angular momentum (Lz = ǫabx˜ap˜p). The spetrum ǫn1n2 of this type of
Hamiltonian is well known, so we shall write down the result
ǫn1n2 =
√
~2ω2
(
1 +
κθ
4~2
)2
+
1
4
( κ
M
− θMω2
)2
(n1 + n2 + 1) (18)
−1
2
( κ
M
+ θMω2
)2
(n1 − n2) ,
where n1, n2 = 0, 1, 2 . . ..
If κ and θ aprroah zero we reover the standard spetrum for the two-
dimensional LHO.
4 Potential sattering on NC - plane
The theory of the best-known quantum systems - linear harmoni osillator
and hydrogen-like atom is formulated in the two previous setions of this
work. It is natural that the next step will be the formulation of the potential
sattering on non-ommutative plane. Our goal is to give the NC orretion
to the ommutative ross-setion.
In the rst step we remind the omputation of the dierential ross-setion in
two-dimensional ommutative quantummehanis. Let V (~r), ~r ∈ R2 be the
potential energy vanishing at innity. We onsider the partile of the mass
M inident (oming from the innity) with the wave vetor ~k, say ~k = (k, 0).
We expet the out-state (at r →∞) will be of the form
ψ(~r) ∼ eikx + f(φ)e
ikr
√
r
, (19)
where r = |~r| and a funtion f depends on a variable φ ∈ [0, 2π) - the polar
angle. The dierential ross-setion dσ/dφ is expressed in terms of f as
follows
dσ
dφ
= |f(φ)|2 . (20)
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We have to solve the following integral equation
ψ(~r) = eikx +
∫
d2~r′Gk(~r,~r
′)U(~r′)ψ(~r′) , (21)
where U = 2M
~2
V and Gk is the Green's funtion of the operator ∆
(2) + k2
obeying the boundary ondition (19)
1
. The solution to the eq. (21) in the
Born approximation is given by
ψ(~r) = eikx +
eikr√
r
e−iπ/4
i
√
8πk
∫
d2~r′e−i
~k′.~r′U(~r′)ei
~k.~r′ , (22)
where
~k′ = k ~r
r
and
~k = (k, 0). We identify the funtion f from the above
equation and the eq. (19), and we get
f(φ) =
e−iπ/4
i
√
8πk
∫
d2~r′e−i
~k′~r′U(~r′)ei
~k~r′ =
e−iπ/4
i
√
8πk
∫
d2~r′ei~q.~r
′
U(~r′) , (23)
where ~q = ~k−~k′. The right-hand side of the eq. (23) depends on the sattering
angle φ via q, beause q = 2k sin(φ/2).
In the ase of a radial symetri funtion V we have
f(φ) =
e−iπ/4
i
√
8πk
∫ ∞
0
dr′r′U(r′)
∫ 2π
0
dαeiqr
′ cos(α) = (24)
2πe−iπ/4
i
√
8πk
∫ ∞
0
dr′r′U(r′)J0(qr
′) ,
where J0 is the Bessel's funtion of the rst kind
2
.
The nonommutativity of the plane aording to the eqs. (1) an be im-
plemented to the sattering problem in the same way as it has been done
in the introdution and the seond setion. We start from the Shrödinger
equation Hψ = Eψ, where H = pˆapˆa/(2M) + V (~ˆr) = p˜ap˜a/(2M) + V (~ˆr).
Then we replae the hat operators in V by the tilde operators aording to
the transformations (4) and we perform the expansion of the funtion V into
the Taylor series in powers of θ. In the speial ase of the radial symetri
potential V we have
V (
√
xˆaxˆa) = V (r)− θ
2~
1
r
dV(r)
dr
ǫabx˜ap˜b +O(θ
2) . (25)
So, we an state, that the rst NC orretion to the f funtion is given by
the following formula
fNC (φ)− f(φ) = θ
2
e−iπ/4√
8πk
∫
d2~r′ei~q.~r
′ 1
r′
dU(r′)
dr′
ǫabx
′
akb . (26)
1G is given by the formula G(~r, ~r′) = G(|~r−~r′|) = 1
4i
H
(1)
0 (k|~r−~r
′|), where H
(1)
0 is the Hankel's
funtion.
2
We shall use this Bessel's funtion in what follows, so we remind that for any omplex x the
value of J0(x) is
J0(x) =
∞∑
k=0
(−1)k
(k!)2
( x
2
)2
=
1
2π
∫ 2π
0
dαeix cos(α) .
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After some rearrargements we get the nal formula
fNC(φ)− f(φ) = −θ
2
iπe−iπ/4√
8π
1√
k
cot(
φ
2
)
∫ ∞
0
dr′r′
dU(r′)
dr′
dJ0(qr
′)
dr′
. (27)
Note that for the potential proportional to ln(r) the sattering states
do not exist, so there is no analogue of the Rutherford formula within the
two-dimensional quantum mehanis. But one an investigate the sattering
of the harged partile (eletron) on the neutral atom and obtain the NC
orrertion.
5 Conlusion
In this paper we have presented the results on the two-dimensional systems
within non-ommutative quantum mehanis for the hydrogen-like atom, the
isotropi LHO and the potential sattering problem. We have obtained the
orretions depending on the parameter of the spae nonommutativity to
the lassial (ommutative) spetra of related Hamiltonians and ross-setion.
We note that two-dimensional hydrogen-like atom has the analogy in three-
dimensional motion of a harged partile around the homogenous harged
straight line. Some others interesting results in NC quantum theory an be
found in [6℄,[9℄-[14℄.
The main goal of the NC quantum mehanis is to nd a measurable ef-
fet. Unfortunately, we annot hope that our orretions to the energy levels
of the systems in question ould be experimentally veried beause of its di-
mensionality (LHO) and experimental ompliations with the realization of
the three-dimensional analogy of the hydrogen-like atom. In [6℄ the modia-
tion of the energy levels and Lamb shift for three-dimensional hydrogen-like
atom due to the presene of the non-ommutative plane in R
3
were presented
as "measurable". But, this type of spae non-ommutativity is not appliable
if we insist on the isotropy of the spae. In spite of this it would be desirable
to use three-dimensional spae non-ommutativity whih preserves rotational
symmetry of the hydrogen-like atom problem.
The starting point of our treatment to the NC quantum mehanis are the
nontrivial ommutation relations between the position operators. The vio-
lation of the spae parity is expliitly shown in the formulae (11), (18) and
(27). It is well-known that the parity is violated if one onsiders the external
magneti eld as well as that the CP is preserved in this ase. In our two
nonommutative ases (ommutative/nonommutative momenta) the spae
parity as well as the CP are violated. The reason of the CP violation is that
θ (and κ too) are not related to the eletri harge as the magneti eld. In
addition, we have found an analogue to the relativisti quantum mehanis
in the (perturbative) formula (11): one obtains nonzero imaginary part of
the energy for very large values of U0θ and properly small m. This eet is
well-known from the theories of Klein-Gordon and Dira hydrogen-like atom.
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Appendix
In this setion we briey desribe how to nd the formulae (11) and (12). Let
us start with the equation (8), whose struture does not hange when we put
θ = 0 (the ommutative ase).
Let us rst analyze the ase of m 6= 0. If we introdue into eq. (8) a new
funtion χ(r) =
√
rR(r), we get
χ′′ + [2ǫ − 2Ueff ]χ = 0 , χ ∈ L2(R+) , (28)
where the eetive potential Ueff is given by
Ueff = U +
m2 − 1/4
2r2
.
We expand Ueff into the powers of (r − rk), where rk = [(m2 − 1/4)/U0]1/2
is the point at whih Ueff is minimal. Harmoni approximation gives
Uheff (r) = Ueff (rk) +
1
2
Ω2(r − rk)2 , Ω2 = 2 U
2
0
m2 − 1/4 . (29)
It an be easily shown that the harmoni approximation is valid only if the
following inequality is fullled
| Ueff − U
h
eff
Uheff
|≈ 5
3
(2n+ 1)1/2
(2m2 − 1/2)1/4 ≪ 1 , (30)
where n = 1, 2, . . . is the prinipal quantum number. For the LHO with the
eetive potential (27) one obtains eq.(11) with θ = 0.
In the seond step we analyze the high exited states with zero angular mo-
mentum m. Substitution
v = ln
(
r
r0
)
− ǫ
U0
, v ∈ R ,
in (8) leads to
Rˆ′′(v)− [Ξve2v] Rˆ(v) = 0 , Ξ(ǫ) = 2U0r20 exp
(
2ǫ
U0
)
. (31)
Now, we shall investigate the asymtoti solutions to the above boundary prob-
lem. In the ase of v → −∞ the only aeptable solution is
Rˆ(v)− = const . (32)
In the other extreme ase of v → +∞ we have the WKB [5℄ solution
Rˆ(v)+ ∼ V −1/40 exp
(
−V 1/20
)
, V0 = Ξve
2v . (33)
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It is important that the WKB limit is appliable for v > vm, where vm is
determined by the standard WKB ondition
1
2V0
| d(V0)
1/2
dv
|≪ 1 . (34)
For high exited states with Ξ≫ 1 vm an be approximated by
|vm| ∼ ln(Ξ) and vm < 0 . (35)
The full WKB funtion RˆWKB is then of the form
Rˆ(v)WKB =


C0p
−1/2 sin
(∫ 0
v
p′dv′ + π/4
)
; vm < v < 0 ,
1
2
C0q
−1/2 exp
(− ∫ v
0
q′dv′
)
; v > 0 ,
(36)
where p = (−V0)1/2 and q = (V0)1/2. The ontinuity ondition of the wave
funtion in vm leads to the following analogy of the Bohr-Sommerfeld quan-
tization rule √
Ξ
∫ 0
−∞
|v|1/2evdv = π(n− 1/2) , (37)
from whih we, using (29), obtain instantly the spetrum formula (12).
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